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INTRODUCTION
The principal benefits of magnetic levitation systems for motion control applications are the elimination of contact friction and other nonlinear phenomena such as backlash or hysteresis and cogging, which affect the accuracy and bandwidths of position and force control. As no arrangement of static electrical or magnetic forces can produce stable levitation according to Earnshaw's theorem [1] , dynamic forces must be introduced by any magnetic levitation system, typically through feedback control, although rigid-body rotational dynamics and diamagnetic materials may also produce forces for levitation in specific cases [2, 3] .
Previous magnetic levitation systems have a severely limited * Corresponding Author motion range in one or more directions compared to the dimensions of the levitated body. As variations in magnetic fields become complex and difficult to model over distances greater than the dimensions of the magnets and coils, it is difficult to generate levitation forces accurately over large motion ranges. As a result, the magnetic fields for levitation systems are generally confined to small gaps and separate magnet and coil assemblies are used for actuation of each degree of freedom of motion.
In our approach, we measure the forces and torques generated between a single magnet and coil with constant current as the magnet is moved over a large volume, so that a matrix transformation from coil currents to control forces and torques can be calculated for any magnet position within its range of motion. Due to the radial symmetry of the magnet and coils, a linear relationship between the current and the forces and torques produced by each coil, and the independence of the forces and torques produced by each coil, it is straightforward to measure and calculate sufficient for levitation of any round magnet with round coils. Multiple magnet levitated platforms and coil arrays may then be combined in any configuration, such as for example a platform of 4 disk magnets levitated above 32 coils as shown in Fig. 1 .
Previous Related Work
Magnetic levitation systems have been applied to transportation, bearings for rotating shafts, precise positioning, and haptic interaction. The forces and torques for levitation can be generated from electromagnetic coil attraction and repulsion, Lorentz forces, and other coil and magnet arrangements such as planar Sawyer motors [4] . Magnetic bearings are used to eliminate friction machinery by suspending rotating shafts across very narrow magnetic field gaps [5] . Magnetic levitation rail transportation generally uses separate sets of electromagnetic actuator and sensing systems for levitation, guidance, and propulsion and is surveyed in [6] .
Kim and Trumper [7, 8] have developed a series of magnetic levitation devices based on planar Sawyer motors, with levitation heights of under 1 mm and using laser interferometry for position sensing providing sub-micrometer positioning resolution.
Lorentz force magnetic levitation was developed by Hollis and Salcudean [9] and has been used for fine positioning and compliant assembly for robot wrists, force-reflecting teleoperation, and haptic interaction with simulated environments [10, 11] . A similar Lorentz force device for motion control is described in [12] .
Lai, Lee, and Yen [13] have developed a magnetic levitation system which is similar to ours in that a planar array of cylindrical coils is used for levitation, however their system requires 15 magnets and 37 solenoid coils for stable levitation and its motion is limited to a narrow range, as separate sets of coils and magnets are used to stabilize each axis of translation and rotation.
All of the above magnetic levitation systems and others such as [14] and [15] have ranges of motion which are a small fraction of the dimensions of the levitated body in most directions (excepting the direction of travel for maglev train systems and shaft rotation for magnetic bearings for example). Kamesee and Shameli have realized a magnetic suspension system which can control the position of small magnets over distances which are multiples of the magnet dimensions [16] , however their system cannot control the magnet orientation.
A preliminary version of our magnetic levitation system containing a single magnet and 5 coils and with a limited motion range is described in [17] . Our system as described in the following sections controls both position and orientation of a disk magnet, throughout a volume whose size is a multiple of the magnet dimensions in all directions.
ACTUATION
The forces and torques generated generated between a single coil and magnet over a range of vertical separation and horizontal offset distances for a given actuation current were measured using the setup shown in Fig. 2 , with a 6-axis force/torque sen- sor 1 mounted between the magnet and an assembly of vertical and horizontal motion stages. The vertical force, radial horizontal force, and torque generated on the magnet were measured at 2 mm intervals of vertical separation and radial offset and the resulting data are shown in Fig. 3 . The forces and torques generated as the roll and pitch tilt orientation of the magnet is varied will be measured during planned future work to enable magnets to be stably levitated at a range of orientations as well as positions. All the forces and torques generated were found to be proportional to the coil current to a close approximation. The shape of the torque surface of Fig. 3 is of particular note due to its complex shape with multiple local maxima and minima and zero crossings.
Current to Force/Torque Transformations
To stably levitate a single disk magnet, the force and torque contributions from at least 5 coils must be combined to stabilize the motion of the magnet in the 3 x, y, z translation directions and rotations about the x and y axes, as it is not necessary or possible to control rotation of a disk magnet about the vertical z axis for stable levitation. The combined forces and torques generated by the coils must be sufficient to lift the magnet and cancel disturbances and errors in all directions at all points within the range of motion of the magnet. The coil currents are limited to 2.5 A to avoid overheating.
The forces and torques generated on a single magnet from the currents in multiple coils in the planar array can be combined and expressed in matrix form as a linear transformation A from a vector of coil currents I to a force and torque vector F:
where the number of columns of A is equal to the number of active actuator coils and the number of rows is equal to the number of controlled DOF of the magnet. For the feedback control necessary for stable levitation, the inverse transform matrix A −1 is used to calculate the coil currents needed to generate the forces and torques to satisfy the control laws. Therefore, the A matrix must be invertable and at least as many coils are needed as controlled DOF of the magnet motion.
The force/torque and current vectors from equation (1) for the case of levitation leaving the yaw rotation ∠z uncontrolled, are given by:
and the transform matrix can be calculated as:
where the radial offset distances r i between the vertical axes of the magnet and each coil are given by:
and the rotation angles θ i to separate radial horizontal forces and torques into x and y components are: , and w(r, z) respectively, and arctan as the 4-quadrant inverse tangent. The rotational symmetry of the coils and magnets simplifies the force and torque generation models since only the vertical distance z and the radial distance r = x 2 + y 2 need to be measured, rather than measuring both x and y.
Selection of Coil Subsets for Levitation Control
The levitation system contains 10 actuation coils but only 5 coils are required for stable levitation. The effectiveness of levitation control as measured by the condition number of the current to force and torque matrix transformation depends on both the selected subset of coils and the position of the magnets. In our system transformation matrix condition numbers of 20 or less were found to be necessary to produce robust stable levitation and smooth trajectory following motion without overheating the coils.
In the contour plots of Figs. 4 and 5, the 5 closest coils to each location shown were selected for levitation and the condition number of the resulting transformation matrix was calculated from equation (3) to a 1 mm resolution. The locations of the coil centers are indicated by asterisks on the figures. It is apparent from these contour plots that the condition numbers of the transform matrices tend to become unacceptably high and approach infinity as the magnet becomes more closely aligned with the coil centers.
To eliminate the regions within the magnet motion range with unacceptable transformation matrix condition numbers, different sets of coils can be selected for actuation depending on the magnet position, as the 5 nearest coils do not necessarily generate the transform matrix with the lowest possible condition number. The number of combinations of k items selected from a set of n is given by
so 5 coils selected from the total of 10 produces 252 combinations. All combinations of coils at each magnet position within a 80x60x30 mm volume to a resolution of 1 mm were evaluated by calculating the corresponding transform matrix from (3) and its condition number, and the coil subset and transform matrix with the lowest condition number at each point was stored to be used during levitation. The lowest condition number at each point from the 252 combinations is shown in Figs. 6 and 7. These transformation If the total number of coils in the planar array is such that it is prohibitive to evaluate all possible combinations of coils for actuation, the required calculations can be reduced by eliminating all coils more than 100 mm away from the magnet center in the horizontal plane from the selection pool, as these coils do not significantly contribute to the leviation forces and torques. 
Redundant Actuation
A redundant actuation method was also used to levitate the magnet by combining actuation forces and torques from more than 5 coils at a time. The potential advantages of redundant actuation compared to selections of coil subsets at each magnet position are that the maximum required coil currents for levitation may be reduced by distributing the generation of lifting forces over more coils, and discontinuous force disturbances due to measurement and position errors as coil currents are abruptly switched on and off during motion trajectories can be avoided.
Methods developed for motion control of kinematically redundant robot manipulators as surveyed by Nenchev [18] and Baillieul [19] were applied to our magnetic levitation system with redundant electromagnetic coil actuators. A simple method to control a system with n degrees of freedom using m actuators where n < m, is to use the m × n Moore-Penrose pseudoinverse [20, 21] of the n × m transformation matrix from the actuator variables to the system degrees of freedom. The MoorePenrose matrix pseudoinverse A + produces a least squares vector solution x to the linear matrix equation
where A is an n × m matrix, x is a n-element vector, b is a melement vector, and the solution
is the unique solution with the smallest Euclidean norm w where
In our system, the Euclidean norm of the solution produced is proportional to the total coil wattage required to generate the desired force and torque vector for levitation control, as the wattage for each coil is proportional to the current squared. The Moore-Penrose pseudoinverse of the current to force and torque transformation matrix at the magnet position therefore produces the optimal set of coil currents to produce force and torque vectors for levitation control. The pseudoinverse matrices for all points to a resolution of 1 mm within the motion range of the levitated magnet were also calculated and stored in memory for use during levitation. Condition numbers of the 5 × 10 redundant actuation transform matrices are shown in Figs. 8 and 9 , which are similar to condition numbers for the best subset of 5 coils at each point of Figs. 6 and 7.
EXPERIMENTAL SETUP
Our implemented magnetic levitation system is shown in Fig. 10 levitating a single magnet attached to a disk with 4 LED position markers. Ten cylindrical coils are used arranged in a triangular grid, with centers spaced 35 mm apart. The coils are 30 mm in height with an inner diameter of 12.5 mm, an outer diameter of 25 mm, and have 1000 windings each. The coils were wound on copper cores and are bolted to aluminum plates above and below to provide efficient heat dissipation during levitation, as each coil has an electrical resistance of approximately 9 Ω and may be subjected to a current of up to 2.5 A.
The coil assembly is mounted to a rigid frame to minimize vibrations and to provide a solid platform for the motion track- used to control each degree of freedom in translation and rotation independently. The control system is implemented on a PC equipped with a 32-channel analog output card 3 which is connected to a set of 10 PWM current amplifiers 4 which generate the actuation currents for the levitation coils. A 3 DOF haptic interaction device 5 constisting of a handle supported by a parallel linkage is available to provide trajectory commands by real time teleoperation.
RESULTS AND DISCUSSION
A sample motion response of the levitated magnet to a 1.0 mm vertical displacement command is shown in Figs. 11 and 12. The 5 coils providing the lowest matrix transformation condition number were selected for actuation in Fig. 11 , resulting in a current to force and torque transformation matrix with a condition number of 4.5. The motion response to the same 1.0 mm vertical displacement command, using redundant actuation and the Moore-Penrose pseudoinverse as described above is shown in Fig. 12 . The proportional error feedback gains K p and derivative error feedback gains K d used were:
5.25 N-mm/degree K d 0.002 N-sec/mm 0.0525 N-mm-sec/degree Fig. 13 shows the motion response of the magnet to a 5.0 mm/s constant velocity, 25 mm point-to-point command trajectory, where the subset of 5 coils out of the 10 available which produce the transformation matrix with the lowest condition number is used for actuation for all points along the trajectory as described in the "Selection of Coil Subsets" section above. During this trajectory the levitation control failed at approximately 14 seconds. Fig. 14 shows the motion response to the same trajectory command in which the Moore-Penrose pseudoinverse of the 5x10 transform matrix for all 10 coils is used to generate levitation control forces and torques, as described in the "Redundant Actuation" section. The feedback gains used for these trajectories were the same as those used in the step responses above. The coil currents were lower and the motion was smoother and more stable when using the pseudoinverse transform.
PLANNED FURTHER WORK
Our present setup cannot provide control of the yaw, or rotation around the vertical axis, of the levitated magnet because the vertical axis control torques cannot be generated due to the rotational symmetry of the magnet. If a levitated platform contains 2 or more magnets, however, then the forces generated on each magnet will also produce torques about the center of mass of the platform, so that all 6 DOF of a levitated platform can be controlled. The next step in our work will be to levitate a platform containing two magnets, controlling its orientation in yaw as well as roll and pitch.
Our system levitates the magnet in a horizontal orientation because the force and torque measurements of Fig. 3 did not include data with the magnet in a tilted orientation with respect to the coil. To enable levitation of magnets with tilted orientations, more sets of force and torque measurements must be acquired with the magnet at various different orientations for each position in Fig. 3 , within a sampled range of rotation angles both about the offset axis and perpendicular to it in the horizontal plane. Spherical magnets will be tested and evaluated for our magnetic levitation system as they may provide better characteristics for stable levitation at various orientations.
If the coil current to force and torque transformation matrices and their inverses are calculated for a range of orientations at each position to the nearest mm, then the resulting precomputed data files may become very large. The current set of transformations for a 80x60x30 mm motion range to the nearest mm are stored in a 60MB data file, so over 1GB of data would need to be accessible to the control system the transformations for 25 different orientations for all combinations of 5 sampled rotation angles in 2 directions at each position were precomputed. Although this quantity of memory is not prohibitive for current PC-based or embedded digital microprocessor controllers, it would be preferable to calculate and invert the required transformation matrices in real time during levitated motion trajectories. Large amounts of computer memory would not be required and the inverse transformations could be calculated more accurately rather than to the nearest mm and over a limited number of orientations.
As levitated magnet motion trajectories are executed with larger translation and rotation ranges at greater linear and angular velocities and accelerations, spatial rigid-body dynamics become Figure 14 . TRAJECTORY FOLLOWING USING 10 COIL REDUNDANT ACTUATION AND MATRIX TRANSFORM PSEUDOINVERSE ALONG TRAJECTORY more significant. The effectiveness of incorporating spatial rigidbody dynamics models into the control system for more complex, faster dynamic trajectories will be investigated.
The planar magnetic levitation system will also be evaluated for use as a haptic interface device by attaching a tool handle to the levitated magnets for haptic user interaction. Its 80x60 mm planar motion range which can easily be extended further, and a low levitated mass of 150 g may provide advantages in ergonomics, and control bandwithds, and impedance ranges compared to current magnetic levitation haptic interface devices [10, 11] .
CONCLUSION
We have demonstrated a magnetic levitation system which provides a motion range of 80x60x25 mm, much larger than the 37.5 mm diameter and 12.5 mm height of the levitated magnet. This is the first reported magnetic levitation system to control both position and orientation of a levitated body over a large range of motion in all directions. The horizontal motion range can easily be extended by adding more coils to the planar array. Computational methods have been developed to calculate the coil current to control force and torque transformations from any available set of coils for the magnet for all positions within its its range of motion. The prototype system and its control methods have high potential for further development leading to applications in vibration isolation, fine position and force control, haptic interaction, and simulations of spatial satellite dynamics.
